• We define hyperbolic Horadam functions. • We present their hyperbolic and recursive properties. • Our findings generalize the previous studies.
INTRODUCTION
In [1] , the authors appreciated the importance of hyperbolic functions and their analogs in the following words:
"Discovering that the world around us is hyperbolic is probably one of the major achievements of science. In 1827, Lobachevsky offered a new geometric system based on hyperbolic functions. In 1993, Stakhov and Tkachenko developed a new approach to the hyperbolic geometry. Using Binet formulas, they developed a new class of hyperbolic functions called the Hyperbolic Fibonacci and Lucas functions. In 2005, Stakhov and Rozin, developed a new surface of the second degree, called the golden shofar. The hyperbolic Fibonacci and Lucas functions and the surface of the golden shofar are the representatives of the golden mathematical models used for modeling hyperbolic space."
The Fibonacci and Lucas numbers are generated by the rules: 11 ( 1) 
The proportion (11) is called as the generalized golden ( , ) pq -proportion (or metallic means) [4, 5] . For the case 1, pq  we have the golden ratio, 15 2    . Also, the formula (11) is reduced to silver ratio ( 2, 1 pq  ), bronze ratio ( 3, 1 pq  ) and generalized golden m-proportions ( , 1 p m q  ). In this paper, we introduce hyperbolic functions connected to Horadam sequence. We first define hyperbolic Horadam functions and present their hyperbolic and recursive properties. Then, we give some geometrical properties of hyperbolic Horadam functions.
HYPERBOLIC HORADAM FUNCTIONS
The famous classical hyperbolic functions are defined as
The hyperbolic functions have many generalizations, analogs and inequalities [1, 2, 4, [6] [7] [8] [9] [10] [12] [13] [14] [15] [16] [17] [18] . Pandir and Ulusoy [16] defined generalized hyperbolic functions as follows:
where  is a variable; , pq and k are constants. Stakhov and Tkachenko [7] defined the hyperbolic Fibonacci and Lucas functions replacing the discrete variable n in formulas (7) and (8) with the real variable .
x Stakhov and Rozin [8] defined symmetrical forms of hyperbolic Fibonacci and Lucas functions.
Koçer and et al. [4] first defined two hyperbolic functions by using the formulas (9), (10) as follows: 
The formulas (18) and (19) generalize the formulas (15) and symmetrical hyperbolic Fibonacci and Lucas m-functions in [6] .
The functions () cWs x and () sWs x have similar properties that of hyperbolic functions in (15) , with second order recurrence sequences introduced by Koçer and et al. [4] . In the sequel we present some of them.
Proposition 1. (Recursive relation).
( 2) 
where (LHS) is the left hand side of the first identity.
This completes the proof.
The proofs of the next three propositions are similar to the proofs of the previous propositions. So, we give them without proof. 
Proposition 3. (Pythagorean Theorem

THE QUASI-SINE HORADAM FUNCTION
If we take into account that cos( ) ( 1) n n  for integer values of n, the formula (6) for all integer n. The quasi-sine Horadam function generalizes some quasi-sine functions such as quasi-sine Fibonacci and Lucas function. The graphs and more information of the special cases of the quasi-sine Horadam function are given in [4, 9] . Now we give two properties of quasi-sine Horadam function without proof.
Proposition 6. (Recursive relation).
( Cassini's identity) .
The Metallic Shofars
We introduce in this subsection some curves and surfaces connected to the Horadam number. Koçer and et al. [4] defined three-dimensional spiral for n U the sequence in (9) where  is the golden (m,1) proportion [4] . For the cases m=1,2,3, the Eq. (40) corresponds to Golden Shofar [4, 9] , Silver Shofar [4, 5] and Bronze Shofar [4, 5] , respectively. That is, we have the equations
